In this paper we consider the classical and quantum control of squeezed states of harmonic oscillators. This provides a method for reducing noise below the quantum limit and provides an example of the control of under-actuated systems in the stochastic and quantum context. We consider also the interaction of a squeezed quantum oscillator with an external heat bath.
Introduction
In this paper we consider the problem of squeezing of harmonic oscillators from the point of view of control theory. Squeezing has been suggested as a method for reducing noise in quantum systems below the standard quantum limit. This can be achieved by using laser pulses and in that sense may be viewed as a quantum control problem, although the classical squeezing problem is also of interest. In the latter case one is interested in reducing noise induced by random perturbations.
The quantum control problem has been of great interest recently, see for example Brockett and Khaneja [1999] , Lloyd [1996] and Warren et. al. [1993] and references therein.
Here we consider squeezing as a control problem in both the classical and quantum setting. In the classical case we consider a system subject to thermal noise while in the quantum case we consider a system at zero temperature and in the presence of noise. In both cases the control is given by an external electromagnetic field and enters the control equations multiplicatively. In this sense the setting is similar to the NMR control problems analyzed by Brockett and Khaneja. A key feature of squeezing is that it results in a redistribution of uncertainty between observables.
In this paper we consider a model for phonon squeezing in solids following the work of Garret at. al. [1997] (see also Hu and Nori [1996] and references therein for interesting related work), but one can equally well consider the case of photons in quantum optics. The control is via a single pulse on a large ensemble of oscillators and this sense we are considering under-actuated control systems in both the classical and quantum case.
We also model the effect of dissipation on the classical system and the effect of coupling to a heat bath in the quantum setting. This causes the squeezing effect to gradually moderate.
The Control Setting
In the classical setting we consider bilinear control systems of the form n m where aij is a constant matrix (i.e. the free dynamics is linear), + j is linear in z, i.e. the control uj enters bilinearly, wk is white noise and the state space is Rn.
In the quantum context we want to consider a similar equation but defined on an appropriate Hilbert space:
where H , is the Schroedinger operator, the H j are (linear) input operators, uj are functions of time, and the $ is a vector in the Hilbert space.
Classical Squeezing of the Harmonic Oscillator
In this section we consider classical squeezing of a set of identical coupled harmonic oscillators. Denote the position of each oscillator by ui.
The Hamiltonian for the system is of the form:
wheresthe oscillators are assumed to have unit mass and pi = ui. 0-7803-551 9-9/00 $1 0.00 0 2000 AACC ' In order to analyze the system we decompose it into its normal modes. Denoting the normal mode coordinates by Qi we thus obtain a system of uncoupled harmonic oscillator equations of the form Qi + R:Qi = 0.
The main control mechanism we consider here is squeezing by pulses. In this case each oscillator is forced by a pulse at time t = 0 which is proportional to its displacement, i.e. we have equations of the form:
where s(t) is the Dirac delta function and X is a constant which is proportional to the frequency R.
Thus we obtain
Thus, if one considers the system subject to white noise,
one sees that while one starts with a spherical equilibrium distribution which is invariant in time, after the pulse one has an elliptical distribution which rotates in time at twice the harmonic frequency (by the Z2 symmetry of the ellipse). (A precise analysis is given below in the course of our treatment of the quantum mechanical case.) Noise reduction is then achieved by viewing the system "stroboscopically" when the noise is low.
Actually the above is an idealization: in actuality the oscillator should be viewed as in equilibrium with a heat bath which dissipates energy. In the classical setting one can model this by simple linear dissipation (in the quantum setting one has to introduce a heat bath -see below).
Thus we have a system of the form
where qi is a dissipation constant and Ui(t) is the control which we can choose to be a single pulse or a sequence of pulses. Depending on the dissipation strength an initial squeezing effect will decay away and we need a continual sequences of pulse to keep the system in a squeezed state. It is worthwhile remarking on the how the control enters in our setting: the control is a single pulse applied overall (and in this sense the system is underactuated) while the effect on each (normal mode) of oscillation is to apply a pulse proportional to displacement (minus the mean displacement which is of course zero for each oscillator). This is effected by the type of interaction of the oscillators with the field that the pulse induces. We note also that in the full nonlinear setting the mean displacement may not be zero and must be taken into account.
We shall return to the classical squeezing of oscillator by pulses, and in particular a computation of mean square displacement, after a discussion of the quantum case below.
We note also that parametric resonance control can achieve similar squeezing effects in the classical case. In this case we consider oscillator motion in the presence of a modulating drive:
where e parameterizes the strength of the drive. We omit details of this approach here.
Squeezing of the Quantum Harmonic Oscillator
We now turn to the quantum setting. Consider the following Hamiltonian
which reflects an impulsive change in the spring constant and where w = m, K being the original spring constant.
The variables P and Q, which are operators in the quantum case, obey canonical commutation rules
We can rewrite the above Hamiltonian in terms of creation operators a and at defined through
with [a, at] = 1. Written in terms of the new variables, the Hamiltonian is
The ground state of the system, for t # 0, IO), corresponds to the vacuum of a, (. IO) = 0 ) , and the excited states are of the form (~t )~l O ) .
We now want to study the behavior of the system at t > 0, given that the system is in its ground state at t < 0. The wave function at t = O+ is of the form I$(t = O+)) = exp(-iXQ2)10), and for longer times the system evolves with the "unperturbed" Hamiltonian:
. Our first quantity of interest is ($(t)lQ21$(t)) E (Q2(t)). Let us compute it using the general method of coherent states. We find
4)
where we have used the fact that eiHotae-iHOt --ae-iwt, of dEpGi7). It is interesting to note that the two expressions for, respectively, the quantum oscillator at zero tempera-1 = -dz dz*e-''* Iz)(zl. In order to evaluate the last term we need the position representation of the ground state (note that at this point Q is a real number)
with €0 = h / 2 for the quantum case and €0 = kBT for the classical oscillator at a temperature T. The method of coherent states presented above has 1 ( 0 1~) = y e -Q 2 / 2 7ra and that of the coherent state the advantage of being suitable for calculating other quantities. For example, if the oscillators are atoms within a solid, the scattering amplitude for an X-ray is decreased by a factor (called the Debye-Waller factor -see Ziman [1972] ) N (expikQ(t)), with k the wavevector of the X-ray. We now ask ourselves what is the time evolution of the Debye-Waller factor for a squeezed phonon. This means that we need to compute the following expression In this section we consider the squeezing of a quantum oscillator coupled to a an infinite number of oscillators representing a "heat" bath. We show that this causes a decay in the squeezing oscillation for small time and true damping in the limit of a continuum of oscillators. This damping effect of the heat bath is similar to that analyzed classically in Lamb [1900], Komech [1995] , Sofer and Weinstein [1999] and Hagerty, Bloch and Weinstein [1999] . We stress that we are considering a zero temperature case, and the damping effects appear due to a) the coupling of a single variable with a continuum of variables and b) an "asymmetry" in the initial conditions. The applied pulse on the oscillator generates outgoing waves on the continuum system which in turn gives rise to a positive damping (for a = 1 + 4x2 sin2 t + 2~ sin 2t. detailed discussion of negative versus positive damping see Keller and Bonilla [1986] ).
We start with a general formulation, and at the end of this section discuss a specific continuum example.
The Hamiltonian of the system consists of three parts: HO describing the original oscillator: and we will consider a situation in which the initial (before the pulse) wave function corresponds to all the modes in the ground state:
At t = 0 a pulse is applied t o the (original) oscillator, the wave function immediately after the pulse given by:
where U,, is the matrix transforming from the original (uncoupled) modes to the coupled system (qo = As in previous sections, we are interested in the fluc-E, UO,X,) .
tuations of the variance of qo, given in this case by (QW) = Uo,Uov(X,Xv)(t) 7 (5.8) and that we will compute by solving the equation of motion obeyed by the correlations (X,X,)(t). Since X , and X , correspond to harmonic coordinates, using the quantum mechanical commutation relations we compute the equations of motion to be: Note that the above equations are identical to those of classical harmonic oscillators for the quantities X,(t)X,(t) etc., with initial conditions given by the values of the correlations evaluated for the quantum wave function:
Collecting the above equations we obtain
with All the information of the evolution of the variance is contained in the function J(w), the physical interpretation of which is that of a local density of states of the oscillator, defined as J(w) = -6(w fiu& -w,), (5.10) , mw, from which S ( t ) = dwJ(w) sin wt, C ( t ) = dwJ(w) coswt.
(5.11) Note that J(w) is a sum over delta functions, giving rise to a superposition of oscillations with the frequencies w, for both S(t) and C(t). In the limit of an infinite system, and when the modes are spatially extended over all space J ( w ) becomes a continuous function. In that case the oscillatory behavior acquires a damped component, the detailed time dependence being given by the frequency spectrum of J(w). A lorenzian shape for J ( w ) will give an exponentially damped oscillation for both S(t) and C(t). As an illustration of this point we consider a model for which J ( w ) can be computed explicitly -see the classical analysis in Lamb [1900] Komech
The normal modes consist of even and odd (in 2) solutions. The odd solutions do not involve qo and are of the form u,+,(z, t ) = eic@ sin qz, whereas the even solutions are of the form u,,~(z, t ) = eic@ cos(qlzl+6,), with 6, a phase shift (to be found). The wave vectors q label the normal modes, and play the role of the index p in the above discussion: wp = cq, and Uio = cos2(6,) ( where we have defined a = 2T/Mc. Note that U, represents the transformation matrix that has to be normalized and since the frequencies form a continuum we normalize U,(wg) to its integral over w,. Omitting the index q in w,, we obtain where 6 = tan-' a/wo.
In the realistic limit a << WO which corresponds to a "weak" coupling to the environment) this expressions take the form: Note that in this model, and in the limit of weak coupling, the initial variance q; of the reference oscillator is unchanged due to the coupling to the environment, and is given by q," = fi/2mwo. Our final result for this section is then which reduces simply to (4.13) in the uncoupled case of T = 0.
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In summary we have shown in this section that the coupling to the environment can be included in general, giving rise to dissipation, and that the squeezing effect in the presence of dissipation can be computed explicitly for the Lamb model.
Additional details of the analysis here, extensions to the squeezing of a nonlinear oscillator, and a treatment of the quantum measurement issue will appear in forthcoming publications.
